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.
Context

Try to solve Semi Linear

—Owu— Lu= f(u) ur =g, t<T, zeR?
Or Full non linear
—du— Lu= f(u, Du, D*u) ur =g, t<T, zeRY

with
@ f polynomial in wu, Du, D*u ,
@ ¢ Lipschitz, coefficients bounded continuous.
@ Deterministic methods (Finite Difference...) suffers
highly from curse of dimentionality ,

@ Probabilitic methods such to solve BSDE (Semi Linear), SOBSDE
(Full linear) can be based on regression, so suffer

(to a less extend) from curse of dimensionality .
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The semi linear case

Branching dates and particle trajectories (burgers)
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Figure: Galton-Watson tree : brownian for Burgers

@ (M) km(kr o kon) ki€ {1,2},m>1 1id 1V with density p,

@ Sequence of branching dates Ty—(x, . k) = Thom(ky,.. by_y) + 70 F0) AT,
@ ATy = Ty — Ty _ the time increments

@ (W*)e—(ky, by 1 kn)e{1,2}7,n>1 independent Brownian motion

@ Each particle k = (k1,- -+ ,kn—1,kn) € {1,2}",n > 1 equiped with a brownian with

increments
k. k- ik
Wr, = Wy, +War,

@ Particule k position : X¥ := & + put + ooWF for t € [Ty, Ty.]
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The semi linear case

Original branching methods for semi linear
(Henry-Labordere et al. [1]) (exemple Burgers) in 1D

1
@ PDE : g,u + 50‘8D2u + pDu + buDu = 0,

@ Using Feyman-Kac:

T gEXT) /T Mp(t)dt
0

p(t)
with F(t) := / p(s)ds complementary CDF of 7y,
t

>y
F(T)

9+ G Du)(1, ).

o(t,y) = o0
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The semi linear case

Original algorithm for semi linear

9(Xr)
F(T)’

@ On {1{T(1>2T}} just compute

(230 I =1 oTo] (o (=T N B [ TP D SR LD CVETR  ariations on branching methods for non linea January 11, 2017 4/20



The semi linear case

Original algorithm for semi linear

° On {1{T(1><T}}’
buDu(T(l),XT<1)) b

p(T(1) ~ p(Ty)

@ Generate 2 particles (1,1) marked 4((1,1)) =0 and (1,2)
marked 0((1,2)) =1
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The semi linear case

Original algorithm for semi linear

b On {1{T(1><T}}s
buDu(T(l),XT<1)) b @)
p(Thy) —p(T(l)) ET(D’XT(D [¢(T(1,1)’XT(1,1))]

DEr) X, [¢(T(1,2)7X%f2)))]

@ Use automatic differentiation :
77(1,2)
AT(172>

(1,2)
BTy, Xz, [m¢(T(l’2)’ XT<1,2>)]
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The semi linear case

Backward recursion for semi linear

(]
R 9(XE) = 9(XF, ) 1o, 20}
d)k = if Tk = 'T7
(ATy)
Control variate
()]
~ b ~ )
Pr = I[I 4w itT#T
p(AT)
€{(k,1),(k,2)}
where
(00) ' WAy
Wi = lig=0y + 1g,0} Tk
Weight for « W
o

u(0,2) = Eg ¢ [12(1)] .
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The semi linear case

Finite variance requirement

1

xp(z)?
parameters Kk < 0.5,

@ Implies a lot of branching and a higher computational cost.

= O(z“) as  — 0 with a > 0. Use Gamma laws

@ only finite for small coefficients and small maturities.

Mofication to handle longer maturities :

@ Use exponential law for u terms, use gamma law for Du term.

@ Compute conditional expectation with 2 or 4 particles.
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The semi linear case

Results on burgers type equation dimension 4

Global estimate
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Figure: Estimation and error in d = 4. Maturity T'= 1.5
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Figure: Errorin d = 4, maturity 7' = 2., T = 2.5
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The semi linear case

Re-normalization Labordeére et al. [2]

@ For gradient term :

77(Lp)
AT, 1, 1,pt
ET<1)’XT(1) [UOAJS(llii) (QZ)(T(LP)’X;@Z?))_ (;S(T(lap)’ X;OZ;))))] ’

p=172
o X)) has the same past as X 1) at date 7 ,
same increment between T{; ,y and T',
no brownian increment between 7,y and T

@ Acts as a control variate.
(1) (1,p)\\27 _
©® Ery).xz, [(6(Ttap): X7 ) = 6(Tiap X1 1)) 7] = O(AT( )

@ Permits to use all p densities (so exponential); finite variance in
the linear case. No current result in the semi linear one.

@ This ghost method outperforms the original method.
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The semi linear case

Original Galton-Watson tree and the ghost particles
associated

] ~ ~
WL fann
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~ ~an
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’ T(n\\ ~ a2 Tz > W= jw. Ju
~ o ~
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(b) Tree with ghost particle
.. 1
(a) Original Galton-Watson tree k= (1,1)
= T T
WD — @D w® = w®
wED @ @D w@th
WD — D @D w2 W(l) T ER)
w1 myS —w@® @Dy E&ED w@ihn @ LWy
W(1’1’2> — W(l) i W(LU + W(I’I’Q) W(1,11,2) _ W(l) 4 VAV(l’l’Q)
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The semi linear case

Original re-normalization for burgers Labordere et al.
[2]

- k
F(ATy)
o~ b =N N .
AT II @ vnlpmm W BT <T
k={(k,1),(k,2)}

u(0,z) =Eq 4 {{Z;(l)} .
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The semi linear case

Re-normalization with antithetic ghosts Warin [3]

77(1.p)

_1"WATq,y 1 , !
ET(U-,XT(U [(UJ) ! ) 7(¢(T(17I’)’X%112)) - gb(T(laP)’X%f,p))))} :

AT ) 2
o XY has the same past as X 1) at date T, ,
same increment between 7{; ,y and ' and

~ W4 increment between T(;) and T, -

@ Finite variance in the linear case.
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The semi linear case

Numerical original ghost versus antithetic ghosts for u

calculation.

P. H. Labordere & N. Touzi & X.
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Figure: Error in d = 6 for (Du)? non linearity.
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The semi linear case

Numerical original ghost versus antithetic ghosts for
Du calculation.

Maturity 1.5
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Figure: Error in d = 6 for the term b.Du on Burgers test case for T = 1.5.
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Full non linear f(u, Du, D*u) = bu*(Du)" (D*u)"
original scheme with 2 ghosts Labordeére et al. [2]

2 (1
D By xq, [6(Tap) X1

pt 1,p2
[#(Tap)» X))+ (T, X007 )) = 20Ty X7 )]

1
v=3 T(1,p) T(1,p)

° Xg””) the original particle
( P ) ghost with —Wé ”) increment between T(1y and T(q )

° X ghost without increment between T(;y and 7{y ;)
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The full non linear case

Finite variance in the linear case

® Bty xr, [(¥)°] = O(ATE ),

@ The variance of the scheme is finite for small maturities , small
coefficients,

@ No current proof for the full non linear case.
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A first new scheme for Full Non Linear with 3 ghosts
Warin [3]

AT,
@ Use first order derivative weights on two successive time steps %.
(] (Wk'i)k:(kl,... By 1.kn)ENT n>1,i=1,2 independent BM
o
VR WA
D2E T , x(bp) - E 2 -2 (1,p) (1,p) i
Ty Xy 0T p X7 )] = Brgy xy ) [2(e0) AT(,p) AT(1,p) l

_ x(1.p) (1,p%) (1,p1) (1,2)
¥ =¢(Tap, X" ) + (T, P)’XTUPP)) = o(Tap- Xr ) 3) = o (Taw: Xz 7)-

(1,p),1 Wwl.p),2
WAT(l )+ W AT(q p)

1, 1

@ x(» _ x( )+MAT(1 ») o0 75

3
@ x(.pY) — x4 HAT(; ) ghost freezing position

1 i
@ x(pH) — x4 PAT( oy + Uo# ghost without second W increment
i/ (1,p),2
VAT )

V2

2 N
@ x(1.p?) — x4 uAT ) + oo ghost without first & increment
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The full non linear case

Remark and extension

@ Bounds on variance calculation indicate a potential smaller
variance value of the new scheme,

@ An antithetic ghost version of the second scheme with 7 ghosts
can be used.

@ Higher number of ghosts means higher memory requirement.
@ Higher derivatives are easy to treat.
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Results for full non linearity uw.D?u

0.1
f(u, Du, Dzu) =h(t,z) + Tu(l : Dzu),

p=021lcg =05, a=0.2

2
h(t,z) =(a + J?O) cos(zy + .. + zd)ﬁa(T7t> + 0.1cos(xzy + .. + zd)252a(T—t)+

psin(zy + .. + md)ea(T7t>,

u(t,z) = cos(xzy + .. + md)ea(T_t).
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Figure: Solution «(0,0.5) obtained and error in d = 6 with T' = 1, analytical
solution is —1.20918.
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The full non linear case

Results for full non linearity «.D?u : derivative

— Version 1 = — Version 1
-0.8 Version 2 M Version 2
— Version 3 g -2 — Version 3
®
2-3
3 -09 = N
g 2 N
g S
2 2 ~ T
© -10 g — .
g s ~_
] N
g .
-6
11 £ N~
\ .
11 2 3 1 5 16 ) 18 19 1 f¥) [ 1 5 16 17 18 1
log(n) log(n)

Figure: Derivative (1.Du) obtained and error in d = 6 with T = 1.
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The full non linear case

Results for non linearity DuD?u

f(u, Du, D2u) = 0.0125(1.Du)(1: DZu).

Version 1 < Version 1
Version 2 £ 20 Version 2
Version 3 8 Version 3
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Figure: Solution «(0,0.5) and error obtained for d = 4 with 7' = 1.
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