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Introduction

Feynmann-Kac formula

o Let W. be a standard d—dimensional Brownian motion,
f:[0,T] x R? — R and g : RY — R be continuous and of
polynomial growth.

@ The heat equation on [0, T] x R :
1
(Ot 300+ F)(£X)=0, w(T,)=g() (1
@ A probabilistic representation

-
u(t,x) = E[g(x+ WTt)+/t f(s,x+ Ws_¢)ds|. (2)

Theorem (Feynmann-Kac et the reverse)

(i) Let u € CH2([0, T] x RY) be a classical solution of PDE (1),
then u has the probabilistic representation (2).

(ii) Let the function u(t,x) be defined by (2), then u is a
“solution” of PDE (1).
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BSDE and semi-linear PDE (Pardoux-Peng)

@ The semillinear parabolic PDE :
1
Oru(t, x) + EAU(t’X) + f(-,u, Du)(t,x) =0, u(T,)=g().
@ The backward SDE :

T T
Yt = g(WT) + / f(sw Wsa YS', ZS)dS + / ZSdWS'
Jt It

(i) Let u € CY2([0, T] x R?) be a solution of the semilinear PDE, then
(Ye, Ze) := (u(t, We), Du(t, W;)) provides a solution of the the BSDE,

(i) Define u(t,x) := Y™, then u is a “solution” of semilinear PDE.
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Branching diffusion process

Nonlinearity:

\beta(a: v"2 +ar v -v) A111)
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Introduction

Branching diffusion process and semi-linear PDE

K¢ := {All particles alive at time t}, K7 :=U;<7K:.

e [Skorokhod, Watanebe, McKean, etc.] Representation of KPP
equation

1
Oru + EAU + B(/% peut —u) =0, u(T,)=g(),
by branching Brownian motion E[erKT g(Wx)|.

e [Henry-Labordére, Henry-Labordére-Tan-Touzi] Extension and
Monte-Carlo method

Opu+ 300+ (Y prave’ —u) =0, (T, ) = g(.)

LeN
o eI s (T svn)]
keKr\Kr keKr
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Objective

e Extension
Zpeaﬁué — Z peag u'® N7, (b; - Du)".
(€N 0=(bo,1, bm)

e Forward numerical algorithm for semilinear PDE.
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A branching Brownian motion

Nonlinearity:

\beta(a: v"2 +ar v -v) A111)

1,22,1)

Xiaolu Tan hing diffusion representation for semilinear PDEs



A first class of semilinear PDEs
A second class of semilinear PDEs

Branching diffusion representation for semilinear PDEs Drawback and extensions

A branching Brownian motion

A branching Brownian motion (Wk)keKT :

e /C; the collection of particles alive at time t, K1 := U< 7Kt
o K7 C K; (resp. KF) the collection of particles of generation n.
e A particle k € K1 defaults at time T, A T.

e For a particle k € C, denote by k— its parent particle, then
the particle starts its life at time T,_ and ends its life at time
T, NT.

@ ATy := T, — T,_ follows a distribution of density p (e.g.
E(B) with p(t) = Be Pt1;5q), denote F(T) := [ p(s)ds.

o At default time T, < T, the particle k branches into /,
offspring particles, where P(/, = /) = py.

o For ke Ky, Wk =Wy,
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A KPP equation and branching Brownian motion

e KPP equation : Let u € C1? be a solution to

1 ,
Oru + §Au + % au" =0, u(T,")=g().

e Using Feynmann-Kac

) T
u(0,0) = E _g(WT) + /0 Z (apu) (s, Ws)ds}
¢

=E _g(WT)f( T)+ /T Z (ague)(s, Ws)ip(s)ds}
0

L F(T) p(s)
(1)
_ E'g(Lg))]I 21 (T, WT(l))u’u) 1 ]
L F(r) Vw=T Piyo(Ty) 7O {T)<T}]
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A KPP equation and branching Brownian motion ...

e Let us introduce

— (Wr) a1, (Ti, WF,)
oo LI gl T1 =iy UL e ]

kGIC%- *1T 1T 72T
Then
(1) an (T, ())
g(Wr @ Ty 1
0,00 = E|S2 T /1 n
u(0,0) [F(T) {T=T} piyP(T(1)) T {T<1)<T}}
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A KPP equation and branching Brownian motion ...

e Recall
a’k( Tk, WTk)

v 1 £ )H I =y ]

1 —=1
kIC T\lT exr

and u(0,0) = E[¢1].

e By iteration, one has u(0,0) = E[¢] = E[limy_o0 ¥] = E[¢],
where
alk(Tk’ W7Kk)

[T EERIL T 0 T e ]

keup, K keur_ R \K kR
Wi ay, (T, Wk
o=[[] L0 1 2T th)]
ke ( k) kR \KCr PP\ Tk
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A second class of seminlinear equation

e A second class of semilinear PDEs : Let u € C12 be a solution to

1
Oru + §Au + Z agueo(b . Du)é1 =0, u(T,)=g().
=(£o,t1)
e Using Feynmann-Kac (let P[/1) = ¢ = ({0, (1)] = pr)

N
u(0,0)=E [g(WT) + /0 > (agu(b- Du)™)(s, Ws)ds]
4

(1)

g(W ) a’(l)(T(]-)’ W)
—E|22T 4B 7 hwe(p . Dy ]I

[ F(ry Vw=T} Piy P(T(1)) ( ) U <T}}
:E[¢1]>

_ g(Wk) ay (Th, W5

where 'lp]_ —|: F(A_,_k):| |: n plkp(_,_k] |:H ur,_or (b DU):| .
kEKJ}r :_l,_ L cK T
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Branching diffusion representation for semilinear PDEs [ cem] alls off E=mLneaERES
Drawback and extensions

Seminlinear equation and branching Brownian motion

e Modification on Branching process :

(] P[/k =(= (60,51)] = Py,

o At default time, the particle k branches into |/x| (independent)
particles, among which [y o particles are marked by 0, and /; 1
particles are marked by 1.

@ Denote by 0 the mark of k (initial particle is marked by 0).

e Automatic differentiation, let v(x) = E[¢(x + AW)], then by
integral by part formula,

Dv(x) = E[¢(x+ AW) im

e Then

(b- Du)(0,0) = E[q/;l b(0,0) 2%1))]'
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A first class of semilinear PDEs
A second class of semilinear P
Drawback and extensions

A branching Brownian motion

Burger's equation, nonlinearity:

\beta (Vv_x-V)

)

Ay

y {1.2,1)
\Delta Tz

(12,2)
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Delta W
\Delta Tz

(1.21.2)
An
Delta W
Aoz \Detta T




A first class of semilinear PDEs
A second class of semilinear PDEs

Branching diffusion representation for semilinear PDEs Drawback and extensions

Seminlinear equation and branching Brownian motion

e For every k € K7, introduce

AW,
Wk = I[{gk:o}'i‘b(Tk—aWka) AT I[{‘glﬁéo}

Then u(0,0) = E[¢p5] = E[¢], where

[H g(Ws )WkH 11 alk(Tk7Wﬁ)Wk}

F(AT, o T,
kel (ATx) kewr B\, Pi.P(Tk)
|: H (UTk,I[{ak:o} +(b' DU)Tk,I[{Bkzl}}y
kelh

and

a (Tk, Wﬁ)Wk}
p’kp( Tk)

=1 5] 1

kEET\}CT
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Drawback and extensions (Bouchard-Tan-Zou)

e It only works for small non-linearity |as| < 1 or short maturity
T < 1. But approximation of a Lipschitz function f(u, Du) may
lead to big non-linearity.

e Locally polynomial approximation :

e A Picard iteration scheme

1
Oeu" T + EAU"+1 + fo(u”, u”+1) =0.
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Drawback and extensions

e One can formally deduce an estimator for fully nonlinear case,
where the nonlinearity is given by

f(u, Du, D?u) := > a,u’(Du)*(D?u)".
Lo,01,02

But the estimator is not integrable because of the Malliavin weight
term :

w2 - T

E[D%p(x + Wr)] = E|:<p(X + WT)TTiz].

e See Xavier's talk ...
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