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Introduction

Presentation of the problem - Regular case

» Underlying semigroup :
(Xt)t=0 Markov process in RY.

Let T >0,ne N*. Timegrid: t, = k%. (Z)keq1,-,ny sequence of centered and
independent random variables in RV, and 1 € Cg°(RY x RN x Ry).

» Approximation semigroup :

~ N . ~N N Z
(Xt Jkeo,.,my Markov chain : Xy = 9y (Xq, \k/%‘ , T/n).

» Weak error, order h for a class of test functions f :

[E[f(XT) — F(Xy)]| < C(f)/n".

Convergence for the total variation distance : C(f) = C||f||«, for every
measurable and bounded function f.
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Hypothéses

Hypothesis

» Short time approximation : ARf(x) = E[f(Xy,,,) — (X, )Xy = X = x].

187 lloo < ClIfllg.c0 /n™"

» Doeblin : The law of every Z is lower bounded by the Lebesgue measure.

Then, Zx = xxkUx + (1 — xk) Yk, xx Bernoulli
random variable.

€
Integration by parts formula for functionals of /j N |
Uy, .., Un. —

» Scheme function . Regularity + Ellipticity
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Main resultl - Regular case

Total variation convergence and density approximation - Regular case

o X" converges to X for the total variation distance with order h.
~ N
[E[f(X) = f(X;)]| < Cliflloo/n"

@ Moreover, Vt > 0, X;(x) has a density p;(x, y) € C>°(R? x RY) and
VR>0, ¢ € (0,1)

sup _ sup (959 py (x.y) — 059, pr(x,y)| < Cc/n1=2)
25<ti<T x| +lyI<A

Proof : Finite dimensional Malliavin calculus with respect to Uy, k € {1, .., n}.
Interpolation inequality for the density approximation. (Bally Caramelino)

11-01-2017 4/8

Vlad Bally and Clément Rey Approximation of Markov semigroup



Example - Regular case

Example - Euler

» Euler scheme, t, = AT

aX; :b(Xt)df + O’(X[)de
thﬂ =XJ + b(XrZ)(tkﬂ — )+ U(XtZ)V fhy1 — kit
Zy Doeblin + Moment hypothesis.
(X, z,t) = x+b(x)t+o(x)z, b,o € Cy°(R), infycro(x) > A >0.
Then,
n o
E[(X7) = HXPII < lIflloo

Proof Gaussian case : Bally Talay
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Main result - Locally regular case

Total variation convergence - Locally regular case

We suppose that there exists K ¢ R? such that : ¢ € Co(K x RN x R,),
k € {1, .., n}, then, for every K C K (strictly) :

° 7}1|~( converges to X71g for the total variation distance.
[E[f(Xr1g) = f(X5, 101 < Cllf|oozoo (n)/n"
with limp— 0 €00 (N) = 0.

Proof : Localization of the processes on K + Concentration inequalities (Berstein,
Hoeffding).

Application : Cubature scheme CIR (Alfonsi).
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Conclusion

Conclusion

» Weak error for regular and locally regular Brownian diffusion processes.

» Perspectives :

Levy processes.
Piecewise deterministic Markov processes.
General processes with jump (e.g : Processes with censored jumps).
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Conclusion

Thank you.
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