Concentration inequalities for the Multilevel Monte
Carlo Euler method applied to SDEs

Ahmed Kebaier

Université Paris 13

joint work with Benjamin Jourdain

ADVANCES IN FINANCIAL MATHEMATICS

January 12th, 2016



Outline of The Talk

@ CI for the Monte Carlo Euler method
@ Model
@ The concentration inequality
@ Used approach

© ClI for Multilevel Monte Carlo Euler method
@ Framework
@ Main results

© Sketch of the proof
@ Cl with the Clark-Ocone representation formula
@ Moment generating function of the error terms



Cl for the Monte Carlo Euler method

Outline

@ CI for the Monte Carlo Euler method
@ Model
@ The concentration inequality
@ Used approach



Cl for the Monte Carlo Euler method
°
The Model

o Let W= (W ..., W9 € RY beaB.M. and X solution to
dX; = b(X;)dt + o(Xp)dW;, Xo = xo € RY, with

(Hbo) Vx,y € RY [b(x) = b(y)| + |o(x) = o(¥)] < Cbe

X = .y|7
@ Let X" be the Euler scheme with time step 6 = T /n
dXi" = b(Xy,(¢))dt + (X, 6))dWe,  ma(t) = [t/6]0.

@ In this context

Vp > 1, EYP[ sup |Xi — XI|P] < Kpo. 7V, with Kp o 7 < 00. J
0<t<T
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Cl for Monte Carlo Euler method

The following result is due to Frikha and Menozzi (2012)

Let f : R — RY be a continuous Lipschitz function satisfying
1£(x) — F(¥)| < [flLip.|x — y| for all (x,y) € RY x RC.

Assume we have condition (Hp ) with uniformly bounded o(-).

If (X-’;-’I-)]_S,‘SN denote independent copies of the Euler scheme X7
with time step 6 = T /n, Then for N € N* and o > 0

P ’12"’: FIX2) —EF(XE)| > a) | <2exp e
i i=1 o e B 2Cb707T[f]iip. 7

where Cp, , 7 is an explicit positive constant depending on b, o, d
and T.
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Method used for the proof

@ Recall the Gaussian concentration (GC) property

For any Lipschitz function ¢ with constant [¢]r, and for
G ~ N(0, I4) we have

E (exp(A9(6) — E4(G)])) < exp (3X2[62,,,)

o Conditionally to XG—nyr» 1 < k < n, write
/
L’r Z k,n(G), where

Dron(x) = X(”k yr + b(XE_ m T/ Lo(X0_yy7)x, Vx € RY,

@ Prove that ¢y , is Lipschitz with a suitable explicit constant
depending on k and n and apply the GC property.
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Our setting

We consider a SDE with constant diffusion coefficient:

o Let W= (W!,..., W9 e R beaB.M. and X solution to
dXe = b(X;)dt + dW;, Xo = xp € R?, with

(Hb) Vx,y € R |b(x) = b(y)| < Colx =/,

@ Let X" be the Euler scheme with time step § = T /n
dX{ = b(X,(¢))dt + dWs, na(t) = [t/6]6.

@ In this context

Vp > 1, EYP[ sup |X: — X7|P] < Kp 70, with Ky 1 < 0. J
0<t<T
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The Euler Multilevel Monte Carlo scheme [Giles, 2008]

-
@ Use L + 1 Euler schemes with time steps —; for { =0,..., L
i,

such that mb = n, so that
L
n mO mt mé-1
E(F(XP) = E (F(XF")) + D E(F(XF) - F(XF))
(=1
@ The Multilevel method for Euler scheme estimator of E(f(X%))

L1 Lo . o1
Q=D FOXG)+ Y > (Fx) - Fx ).
0o =0 =1

Var(Q) = O (Lo Ny 'm™2) and Bias?(Q, Ef(Xr)) = O (m*ﬂ)J

@ For a given precison ¢, by the complexity Theorem of Giles

Ny=0O (Eizm_%z> ~Comc = O (572) L Cyc=0 (873)
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Assumptions

Assumption (R1)

The function b € C2(R?, R?) and there exist finite constants [5]..
and aap such that

Vx € R, {|VE(X)| < [blos,
Vx € RY, |Ab(x) — Ab(xo)| < 2an,(1 + |x — xol).

v

Assumption (R2)

© Assumption (R1) is satisfied.

© Moreover the function b € C3(R9,R?) and there exist positive
constants [b]s and ayap such that

vx € RY, [[V2b(x)| < [boo,
Vx € RY, |V[Ab(x)] — V[Ab(x0)]| < avan(l + |x — xo|).
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Main result

Theorem 1

o Let f € C}(R,R) such that Vf is a bounded Lipschitz function
with Lipchitz constant [f]ri,. and such that

IVF| < [floo-

L
< < / . y4 —2¢p—1
o If (R2) holds, then V0 < a < CC 1?2&{’” Ny} ZZ; m2N,

P (10— EF(XP)| 2 a) < 20 |~ ™
aCy m—%N[1

o Recall that for the MMC Var(Q) = O (2510 Nglm—%)
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Restriction

L
e However, for Va > CC' min m*N, m~2N;1 we only have
= ISZSL{ E}% Y y

P (I@ —EA(XP)] > oz) < 2exp <—g min mnga) :

1<e<L

@ This restriction on « is influenced by the choice of the sample
sizes N,.
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Discussion on the choice of the sample sizes (Ny)o<¢<1

o Let us fix the precison e = O (m~t) = O (n71)

Optimization rule

Var(Q) = 0 (Sf_o N7t m2) ~ Bias?(Q, Ef (X7)) = O (m~2L)

@ As seen before, this leads to the choice
Ny, = mzL*%K for0</<L.
@ This choice achieves an optimal complexity
Cimie = 0 (€7%) = O (m?t) = 0 (n?)

@ For this choice, our constraint on « rewrites

L
1
<ol mi 1 —20p—1 i
a<CC 1§melgL{m Ng}gom N, - =CC'm™>2 _O<ﬁ>

o This should be compared with the precision ¢ = O (1).
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Maximizing the range of «

@ Question: Can we maximize the range of values for « while
keeping the same precision ¢ = O (1/n) ?
o At first, note that o oc minj</<; m® Ny

© Then a natural choice is the sequence

Ny = m2L—¢ J

~=

o This yields a complexity Ciypc = O (m?t) = O (n?)
o But Var(Q) = O (Lm=2t) = O (log(n)/n?)
= This leads to o < CC'/L = CC'/log(n)

@ Another possible choice is given by

3 _ By
Ny = m2L_gZ1{0§gSBL} + m=3)t el{BLSZSL}v B e (07 ]-] J

o This leads to Cjyyc = O (n?) and Var(Q) = O (1/n?)
— This leads to o < CC'm~ 5L = CC'/nP/?
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Sketch of the proof

Recall That Q = @1 + CA)z where

No
A 1
Qui= 57 > F(XE,) — EF(X)
0 k=0
and
A | Ne m? mi-1 mt mi—1
2= 3 g 2 (FOXPI) = FXPL) — BIFXTL) — F(XPL )
=0 k=1

Then by Markov inequality we have
P (@ ~EA(XPY) > a) < e MR [exp ()\[QA) - Ef(X?’L)]ﬂ

< e R [EXP()\QI)} E [exp()\@)}
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o First term.
By Frikha and Menozzi (2012), we have the existence of an explicit
positive constant C depending on b,d, T and f such that

E {EXP()\Ol)} < exp {A;,OC} :

@ Second term.
We use the independence property to write

E [exp()\f)g)} <

LT (= [oxn L o (r0x#) — e — mtrexg) - o) )] )

(=1
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Houdré and Privault (2002) approach

Let F € D2 be an Fr-measurable s.t. E[eMF] < o0, VA > 0.

Clark Ocone Formula

F —EF = [ E(DsF|Fs)dWs

v

Markov inequality

P(F — EF 2 a) < e (XFP0) = M () BOFZ)

Martingale property

If moreover [|DF||; < K, K > 0, then for some p > 1 we have
1
P(F —EF > a) < exp <2pK2T)\2 — Aa> .

2
Optimizing in A yields P(F —EF > «) < exp <_2paK2T>
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Then, by Clarck’s Ocone formula we have

¢ -1 ¢ 1 T
FIXT ) —f(XT ) —E[f(X7) — F(XT )]=/0 Ky - dW,,

where

Kty =B [DIF(XF) = DX )17

Therefore,

E {exp()\é)g)} <

L T 2v2 T
H(E {exp{p)\/ Kf-dW,—p);/ |Kf|2dr}]>
=1 Ng 0 2N£ 0

(p—1)N,

(eleo{ap i | wired])
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Now, by the Malliavin chain rule we have

2

)

KL = [E [P xE wr(xp') - DX VX F

Under our assumption, we also have

For all 1 <j < d we have

(‘sup sup [DIX|)V ( sup sup sup [DIX/|) < eTlPl=,
ref0,T] te[r, T] rel0,T] te[r, T] nEN*

Then, the process (exp{”ﬁ/z fot K- dW, — gzl\?; ot |KE2dr})o<e<T is

a martingale, which leads us to

R L Ny (o1) p2)\2 T 1o
E [exp()\Qz)} < HE P {exp{z(p_l)/\lg/o |K/| drH .
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e For ¢ € {1,...,L}, we denote

4 £—1
UL = xm' — xm ! )

@ Hence, using the above Lemma and the fact that Vf is a
Lipschitz continuous and bounded function, we get

(k{2 < 2e2TE= (]2 B [|UF | F, | + 2 1E [ID, U521

@ By Cuachy Schwarz and Jensen inequalities we get

ool | )

2,02)\2 2T[b]o<;[]¢']1
ip
exp e /0 [\U | |}"} X

(2 afeser o))

NI

E

o5
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Let m,n € N*, Ur = X7 — X" and p be a constant satisfying

(mn)2
< p< ———— -
Osps G T(m—1)2

where Cy is an explicit positive constant. Then, Under (R1), we
have the existence of an explicit positive constant C, such that

E [exr) {p/OTE [|UT?|F] drH < exp {pCz <(m;nl)T>2}
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Theorem 3

Let p be a constant satisfying

(mn)?

<p< ———
0=P= GT(m-1p

where C3 is an explicit positive constant. Then, Under (R2), we

have the existence of an explicit positive constant C, such that for
all1 < j < d we have

E [eXP{p/OTE [ID’}UngZIFr} dr}] < exp{pQ <(m;nl)T>2}
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@ Then, according to theorems 2 and 3 combined with the above
inequalities we deduce that for

A< C min m'N,
1<e<L

with C’ an explicit positive constant

P(Q-EF(XF) 2 a) < exp {ta(N)},

where C is an explicit positive constant and

L
ba(A) =AY m 2Nt — Ao,
(=0
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L
When a < CC"_min {m‘N N
° en o < 1rgnzlgL{m g};—;m )

a2

min Ya(A) = —
/\G[O,C minlSZSL mZN[] a( ) 4C Zé:o m_% Ne_l

@ Which leads to the
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Thank you !
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