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(LIigetelifadlil  General framework

General framework

e Yy € L?(P) non-simulatable real random variable.
e Aim: compute Iy = E[Yp]
> given an accuracy € > 0,

» minimizing the computational cost.

o (Yi)new € L2(P) a family of simulatable real random variables,
approaching Yj.
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(LIigetelifadlil  General framework

Main assumptions

e Bias expansion (weak error assumption): WE, p
R —
E Vi) - E[Yo] =) ch® +o(h™"),
k=1

@ Quadratic error (strong error assumption): SEj

[¥h = Yall; = B[ |vi - Yol < van?,

o Complexity:

. . . K
The simulation cost of Y}, is K, = 7
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Multilevel Estimators Definitions
Multilevel Monte Carlo — MLMC (Giles, 08)

The construction of a Multilevel Monte Carlo estimator lies on the two
following ideas

@ Simulating Y}, is less expensive than simulating Y»
o E [YL} —E[V)] +E [YL - Yh}
M M

Two-level Monte Carlo estimator:

1 hu b, L2 (v @k

Lsymr L (YQ, —Y2’>

ng h N2Z . h
We set hj = h/MI~1.

Definition (Multilevel Monte Carlo estimator)

1 Wk )k
M 5L (e )

gl
j=2 Jk:*
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Multilevel Estimators Definitions
From Multistep to Multilevel — ML2R (Lemaire, Pages, 14)

@ Take advantage of the whole bias expansion.

° Wf = ZkR:j wy, (wi,...,wg) solution of a Vandermonde system.

Definition (Multilevel Richardson-Romberg estimator)

RNJ

1 &
E;Yh(l), Z j Z(Y(J ]) k)
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Cost Minimization Problem

Cost Minimization

R WR N;
Zy(l)k Z Jg Z(Y(J),k Yh(]gzlk)
= Jj= k=1

Parameters (7, N):

o Multilevel estimators: 7 = (h, R, q = (¢q1,...,qr)). Nj = q;N.

@ Crude Monte Carlo estimator: m = h.

Optimal parameters (7(g), N(¢))

Assuming WE,, ; and SEg, minimize the simulation cost, given a L2 -
error €:
(m(e),N()) = argmin Cost(IY).
5 -1l <

V.
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Cost Minimization Main results

Reference without bias (if Yj was simulatable): Cost(IV(¢)) = Ke~2
Crude Monte Carlo (Duffie, Glynn)
Cost (IN(e)) 2 K(a)e (312)
Multilevel (Giles MLMC — Lemaire, Pagés ML2R)
o 3> 1: Cost (IN(e)) 3 K(o, B, M)e2.
e B<1: Cost (IN(e)) 3 K(a, 8, M)v(e).
| vpmLmc(€) | vmL2R(€)

B=1| e 2log(1/¢)* | e 2log(1/¢)
B<1 ‘ 218 ‘ o2, 72 /2 108(1/) log(M)
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When 5 > 1:

Clark Cameron model:

dU; = SydW},
dSy = pdt + dW?
uw=1,T=1,Uy=0,8 =0
Payoff:
Yy = 10 E [cos(Ur)]

True value: 7.14556
Euler: a =1, = 1.

Antithetic Giles-Szpruch:
a=1=2>1.
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LSV BTN  Strong Law of Large Numbers

Asymptotic behaviour

e We notice that the L? convergence holds by construction, since
1) - 1o, <

e Strong Law of Large Numbers: For all sequence (g)x>1 such that
Zk21 €% < +00,

S E [}Ifr"(sk) - Ioﬂ < +o0,
E>1

hence IN (e1) &% Io.

@ We can weaken the assumption on the sequence (&x);>1 when Y}, has
finite moments of order bigger than 2.
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RSV [T EVITITAN  Central Limit Theorem

Central Limit Theorem

We write

IN(@)— Iy _ p(h,R(e), M) 1 5 12
= - + - N(e)\/N(s)IE + -

3

w(h, R(e), M): bias,
I1: first centered coarse level,

€

I2: sum of the corrective centered fine levels.
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Asymptotic behaviour

Thank you for your attention

http://simulations.lpma-paris.fr/
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