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One dimensional diffusion and exit time

In this talk, we consider a one dim. uniformly elliptic diffusion

Xx
t “ x`

ż t

0
bpXx

s qds`
ż t

0
σpXx

s qdWs,

and its exit time from the domain D “ p´8,Lq with

τ x :“ inf tv ě 0 : Xx
v ě Lu , τ x

t :“ τ x ^ t.

We are interested in studying the collection of linear maps

Pthpu, xq :“ E
”

hpu` τ x
t ,X

x
τ x

t
q

ı

Two cases : Forward σ P C2
b, b P C1

b and Backward σ P Cαb , b PMb.
‚ Motivations :
˝ Financial mathematics : pricing and hedging of barrier options, ...
˝ Default risk : pricing and hedging with a structural approach.
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Related literature

‚ Numerical computation : ErhpXx
TqItτ xąTus for smooth domain D

˝ Elliptic diff. : Gobet (00), discrete & continuous Euler scheme

˝ Hypo-elliptic diff. : Gobet&Menozzi (03)

EdpT, h,∆, xq :“ ErhpX̃x,∆
T qI

tτ x,∆
d ąTus ´ ErhpXx

TqItτ xąTus — C
?

∆

EcpT, h,∆, xq :“ ErhpX̃x,∆
T qI

tτ x,∆
c ąTus ´ ErhpXx

TqItτ xąTus « C∆

˝ discrete Euler scheme is easy to implement in any dimension.

˝ continuous Euler scheme : dimension 1, more delicate in higher
dimension.
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Probabilistic representation & Monte Carlo simulation

One of our main results is a probabilistic representation of pPtqtě0 in
the same spirit as Bally & Kohatsu-Higa (AAP, 15)

Erf pXx
Tqs “ eλTErf pX̄πT q

NT´1
ź

k“0

λ´1θζk`1´ζkpX̄
π
ζk
, X̄πζk`1

qs

Unbiased Monte Carlo path simulation requires :

˝ tNt; t ě 0u Poisson process with parameter λ, Jump times : ζ1 ă ¨ ¨ ¨ ă ζn

˝ Euler scheme with random times :

X̄πζk`1 “ X̄πζk ` bpX̄πζk qpζk`1 ´ ζkq ` σpX̄πζk qpWζk`1 ´Wζk q.

θtpx, yq :“ a2pyq ` 2a1pyqH1papxqt, y´ x´ bpxqtq ` papyq ´ apxqqH2papxqt, y´ x´ bpxqtq

´ b1pyq ´ pbpyq ´ bpxqqH1papxqt, y´ x´ bpxqtq.

Hipc, xq :“ pgpc, xqq´1
B

i
xgpc, xq, i ě 0.

N. Frikha Hitting times of one dimensional diffusions and Monte Carlo approximation
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Theorem : Probabilistic representation
tNt; t ě 0u Poisson process with parameter λ, Jump times : ζ1 ă ¨ ¨ ¨ ă ζNpTq

Euler scheme : X̄πζj`1
“ X̄πζj

` σpX̄πζj
qpWζj`1 ´Wζjq

ΓNpxq “ eλT
N´1
ź

j“0

λ´1θ̄ζj`1´ζjpX̄
π
ζj , X̄

π
ζj`1q P L1

pΩq

Γ̄Npxq “ eλT papLq ´ apX̄πζN´1
qq

apX̄πζN´1
q

N´2
ź

j“0

λ´1θ̄ζj`1´ζjpX̄
π
ζj , X̄

π
ζj`1q P L1

pΩq

Then, for all h PMb,

Erhpτ x
T ,X

x
τ x

T
qs “ eλTErhppζNpTq ` τ̄

ζNpTq,X̄
π
ζNpTq q ^ T, X̄π

pζNpTq`τ̄
ζNpTq,X̄

π
ζNpTq q^T

qΓNpTqpxqs

` eλTErhpζNpTq´1 ` τ̄
ζNpTq´1,X̄

π
ζNpTq´1 , LqI

tτ̄
ζNpTq´1,X̄

π
ζNpTq´1ďT´ζNpTq´1u

Γ̄NpTqpxqs.
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Weight definitions

Here, we define

θtpx, zq “ ItxăLu

"ˆ

1
2

a2pzq ´ b1pzq
˙

` pa1pzq ´ bpzqqµ1
t px, zq `

1
2
papzq ´ apxqqµ2

t px, zq
*

,

θ̄tpx, zq “ θtpx, zqΛtpx, zq

Λtpx, zq :“ P
ˆ

sup
0ďvďt

Wv ď
L´ x
σpxq

|Wt “
z´ x
σpxq

˙

“

"

1´ e´2 pL´xqpL´x´pz´xqq
tapxq

*

ItxďLuItzďLu

µ1
t px, zq “ H1papxqt, z´ xq ´

1
apxqt

2pL´ xq

pexpp´ 2pz´LqpL´xq
apxqt q ´ 1q

,

µ2
t px, zq “ H2papxqt, z´ xq `

1
a2pxqt2

4pz´ LqpL´ xq

pexpp´ 2pz´LqpL´xq
apxqt q ´ 1q

.

τ̄ x
„ fτ̄ px, sq “ BsPpτ̄ x

ď sq “
L´ x

a

2πapxqs3{2
exp

ˆ

´
pL´ xq2

2apxqs

˙

ItxďLu.
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Corollary : Integration by parts for killed process

Let T ą 0. Then, for all x P p´8,Lq, one has

Erh1pXx
TqItτ xąTus

“ ´E
”

hpX̄πT qΛT´ζNpTqpX̄
π
ζNpTq

, X̄πT qµ
1
T´ζNpTq

pX̄πζNpTq
, X̄πT qΓNpTqpxq

ı

.

For all x P p´8,Ls, the joint law of pτ x
T ,X

x
τ x

T
q is given by the measure

pTpx, dt, dzq :“ pKpx, tqδLpdzqdt ` pD
T px, zqδTpdtqdz

and, for some positive C, c ą 1, for all pt, zq P p0,Ts ˆ p´8,Ls :

pKpx, tq ď Ct´1{2gpct,L´ xq and pD
T px, zq ď CgpcT, z´ xq,

z ÞÑ pD
T px, zq P C1`αpp´8,Lsq, t ÞÑ pKpx, tq P Cα{2pp0,Tsq, for all α ă 1.
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ϑtpz, xq :“
1
2
papxq ´ apzqqµ̂2

t pz, xq ` bpxqµ̂1
t pz, xq

µ̂1
t px, zq :“ H1papzqt, z´ xq ´

1
apzqt

2pL´ zq

pexpp 2pL´zqpL´xq
apzqt q ´ 1q

µ̂2
t px, zq :“ H2papzqt, z´ xq ´

1
a2pzqt2

4pL´ zqpL´ xq

pexpp 2pL´zqpL´xq
apxqt q ´ 1q

.

ϑ̄tpz, xq :“ ϑtpz, xqΛtpz, xq

ϑ̂i
tpz, xq :“

#

q̄z
t px,zq

q̄x
t px,zq

i “ 0,

ϑ̄tpz, xq
q̄z

t px,zq
q̄x

t px,zq
i “ 1, . . . , n´ 1.
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Probabilistic representation in the Backward method

Let T ą 0. Assume that a P Cα and b PMb. Define

Γ̄D
Npzq “ eλTλ´N

N´1
ź

i“0

ϑ̄ζi`1´ζipX̄
π,z
ζi
, X̄π,zζi`1

q

Γ̄K
Npxq :“ eλTλ´NItζNătăTuϑ̂LpX̄

π,x
ζN
, t ´ ζNq

N´1
ź

i“0

ϑ̂i
ζi`1´ζi

pX̄π,xζi`1
, X̄π,xζi

q

Then, for all pt, xq P p0,Ts ˆ p´8,Lq, the following probabilistic
representation holds

pD
T px, zq “ E

”

q̄
X̄π,zζN
T´ζN

px, X̄π,zζN
qΓ̄D

Npzq
ı

,

pKpx, tq “ E
”

f L
τ̄ pX̄

π,x
ζN
, t ´ ζNqΓ̄

K
Npxq

ı

.
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Corollary : Integration by parts formula

Let T ą 0. Assume that a P Cα and b PMb.

BxpD
T px, zq “ E

”

q̄
X̄π,zζN
T´ζN

px, X̄π,zζN
qµ̂1

T´ζN
px, X̄π,zζN

qΓ̄D
Npzq

ı

.
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Markov maps

Pthpu, xq “ Erhpu` τ x
t ,X

x
τ x

t
qs

“ hpu, xqItxěLu

` ItxăLu
 

Erhpu` t,Xx
t qItτ xątus ` Erhpu` τ x,LqItτ xďtus

(

.

Proxy semigroup with frozen diffusion coefficient : For y P R, consider

X̄x
t “ x` σpyqWt, τ̄ x “ inf tt ě 0 : X̄x

t ě Lu, y P R.

and
P̄y

t hpu, xq “ Erhpu` τ̄ x
t , X̄

x
τ̄ x

t
qs.

N. Frikha Hitting times of one dimensional diffusions and Monte Carlo approximation
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Infinitesimal generators

From Itô’s rule, one obtains :

Proposition : Infinitesimal generators

For h P C1,2
b pR`ˆs ´8,Lsq XMbpR` ˆ Rq, one has

pPth´ hqpu, xq
t

Ñ
tÓ0

Lhpu, xq

:“ ItxăLu

ˆ

bpxqB2hpu, xq `
1
2

apxqB2
2hpu, xq ` B1hpu, xq

˙

,

pP̄y
t h´ hqpu, xq

t
Ñ
tÓ0

L̄yhpu, xq

:“ ItxăLu

ˆ

1
2

apyqB2
2hpu, xq ` B1hpu, xq

˙

.
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The proxy semigroup

P̄y
t hpu, xq “ ItxěLuhpu, xq ` ItxăLuErhpu` t, X̄x

t qItτ̄ xątus ` ItxăLuErhpu` τ̄ x, LqItτ̄ xďtus

“ ItxěLuhpu, xq ` ItxăLu

ż L

´8

hpu` t, zqq̄y
t px, zqdz` ItxăLu

ż t

0
hpu` s, Lqf y

τ̄ px, sqds

“ ItxěLuhpu, xq ` Sy
t hpu, xq ` Ky

t hpu, xq

“ ItxěLuhpu, xq ` ItxăLu

ż u`t

u

ż L

´8

hps, zq rδu`tpdsqq̄y
t px, zqdz` δLpdzqf y

τ̄ px, s´ uqdss .

with (from the reflection principle)

q̄y
t px, zq “

PpX̄x
t P dz, supvPr0,ts X̄x

v ă Lq

dz
“ pgpapyqt, z´ xq ´ gpapyqt, z` x´ 2Lqq Itx,zďLu,

f y
τ̄ px, sq “ BsPpτ̄ x

ď sq “
L´ x

a

2πapyqs3{2
exp

ˆ

´
pL´ xq2

2apyqs

˙

ItxďLu.
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Forward parametrix expansion
From now on, we freeze the coefficient to the starting point : y “ x.
‚ Forward parametrix expansion consists in writing

PThpu, xq ´ P̄Thpu, xq “
ż T

0
BspP̄T´sPsqhpu, xqds “

ż T

0
P̄T´spL´ L̄qPshpu, xqds

IBP
“

ż T

0
ds

`

K̄T´sPshpu, xq ` S̄T´sPshpu, xq
˘

with

K̄thpu, xq “ K̄tpx,Lqhpu` t,Lq and S̄thpu, xq “
ż L

´8

hpu` t, zqS̄tpx, zqdz

with
K̄tpx,Lq “ ItxăLu

papLq ´ apxqq
apxq

f x
τ̄ px, tq

S̄tpx, zq “ ItxăLu

"

B2
z

„

1
2
papzq ´ apxqqq̄x

t px, zq


´ Bz rbpzqq̄x
t px, zqs

*

N. Frikha Hitting times of one dimensional diffusions and Monte Carlo approximation
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Expansion of the semigroup
Iterating the one step expansion, we get

PT hpu, xq “ P̄T hpu, xq `
ż T

0
ds1

 

K̄T´s1 hpu, xq ` S̄T´s1 Ps1 hpu, xq
(

“ P̄T hpu, xq `
ż T

0
ds1

 

K̄T´s1 hpu, xq ` S̄T´s1 P̄s1 hpu, xq
(

`

ż T

0
ds1

ż s1

0
ds2

 

K̄T´s1 K̄s1´s2 Ps2 hpu, xq ` K̄T´s1 S̄s1´s2 Ps2 hpu, xq
(

`

ż T

0
ds1

ż s1

0
ds2

 

S̄T´s1 K̄s1´s2 Ps2 f px, uq ` S̄T´s1 S̄s1´s2 Ps2 hpu, xq
(

“ P̄T hpu, xq `
ż T

0
ds1

 

K̄T´s1 hpu, xq ` S̄T´s1 P̄s1 hpu, xq
(

`

ż T

0
ds1

ż s1

0
ds2

 

S̄T´s1 K̄s1´s2 Ps2 f px, uq ` S̄T´s1 S̄s1´s2 Ps2 hpu, xq
(

“ P̄T hpu, xq `
N
ÿ

n“1

ż

∆npTq
dsnS̄T´s1 S̄s1´s2 ¨ ¨ ¨ S̄sn´2´sn´1 K̄sn´1´sn P̄sn hpu, xq

`

N
ÿ

n“1

ż

∆npTq
dsnS̄T´s1 S̄s1´s2 ¨ ¨ ¨ S̄sn´1´sn P̄sn hpu, xq `RN

T hpu, xq

N. Frikha Hitting times of one dimensional diffusions and Monte Carlo approximation
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Defining

In
s0 hpu, xq “

#

ş

∆nps0q
dsn

!´

śn´1
i“0 S̄si´si`1

¯

P̄sn hpu, xq `
´

śn´2
i“0 S̄si´si`1

¯

K̄sn´1´sn hpu, xq
)

, n ě 1,
P̄s0 hpu, xq, n “ 0,

one concludes

Theorem : Semigroup expansion

Let T ą 0. For every h P C1,2
b pR`ˆs ´8, Lsq X BbpR` ˆ Rq and for every

pt, u, xq P r0, Ts ˆ R` ˆ R, one has

Pthpu, xq “
ÿ

ně0

In
t hpu, xq.

Then, the probabilistic interpretation follows...
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