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Introduction

One dimensional diffusion and exit time

In this talk, we consider a one dim. uniformly elliptic diffusion
t t
Xf=x+ J b(X7)ds + j o(X5)dwy,
0 0

and its exit time from the domain D = (—c0, L) with

Ti=inf{v=0:X =L}, 77:=7"ArL

We are interested in studying the collection of linear maps
Pi(u,x) = E [h(u + T;f,xg)]

Two cases : Forward o € C2,b € C} and Backward o € C3,b € M,
 Motivations :

o Financial mathematics : pricing and hedging of barrier options, ...
o Default risk : pricing and hedging with a structural approach.
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Introduction

Related literature

e Numerical computation : E[4(X7)I¢«~ 7] for smooth domain D
o Elliptic diff. : Gobet (00), discrete & continuous Euler scheme

o Hypo-elliptic diff. : Gobet&Menozzi (03)
X7 ns gy = E[RXF)Lrenry] = CVA

Ey(T,h, A x) :=E[h(
E[h(X7 M) xaspy] — E[R(X)esny] ~ CA

E (T, h, A, x)

o discrete Euler scheme is easy to implement in any dimension.

o continuous Euler scheme : dimension 1, more delicate in higher
dimension.
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Introduction

Probabilistic representation & Monte Carlo simulation

One of our main results is a probabilistic representation of (P;),>¢ in
the same spirit as Bally & Kohatsu-Higa (AAP, 15)

Nr—1
E[f(X)]C")] = e)\TE[f()?TT) n )‘710@4—1*@ (Xaaxg{_'_])]
k=0

Unbiased Monte Carlo path simulation requires :
o {N;;t = 0} Poisson process with parameter A\, Jump times : {; < -+ < ¢,
o Euler scheme with random times :

XCooy = XC + b(XE) (Gt — G) + 0(XG) Wy — Wey)-

0,(x,y) := a"(y) + 2d' (V) Hi (a(x)t,y — x — b(x)t) + (a(y) — a(x))Hz(a(x)t,y — x — b(x)t)
—b'(y) = (b(y) — b(x))Hi(a(x)t,y — x — b(x)1).

Hi(c,x) := (g(c,x)) ' dlg(e,x), i = 0.
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The forward method results

Theorem : Probabilistic representation

{N:;t > 0} Poisson process with parameter A, Jump times : (i < -+ < Qy(r)
Euler scheme : X7 | = X7 + o(XZ)(W¢,,, — W)

N—1
A —1p v U 1
Ty(x) = [[ A "0, —(XE, XZ,,) e L'(Q)
j=0
% =2
_ awr@l) —alXe, )= - om o i
Tw(x) = N — == [ A0, (X, XT,,) € L'(Q)
a(Xz, ) :
N—1 Jj=0
Then, for all h € M,,
_Cnr) XE, S
E[h(r7, Xz3)] = € E[A((Gvery + 777N ) AT, X Swery X )i (¥)]
Cny+7 NI ) AT
AT _CN(r)—1 XZ' _ _
+ e Elh 1+ T NO=1 L) X7 r x)]
[2(Cvry—1 ) {f(zv(r)—l *enery—1 <T—Cyirr -1} n(r) (%)]
i
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The forward method results

Weight definitions

Here, we define

L— - (=0 (L—x=(=x)
Ai(x,2) :=IF’(sup W, < x\W,=Z x)={1—e ?

ta(x) H N H =
o<vs<r o(x) o(x) } {x<r}z<L}
1 1 Z(L — x)
e (x,2) = Hi(a(x)t,z — x) — = 7
1(x,2) = Hi(a(x) )~ e (exp(— =D=0) )
2 1 4(z—L)(L —x)
pi (x6,2) = Ha(a(x)t,2 — x) + = 2—L)(L—x 3
@ () (exp(—2=20=) — 1)

2ma(x)s3/? 2a(x

P fr(s) = AP(F < 5) = —— X ex (— € ))22) i)
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The forward method results

Corollary : Integration by parts for killed process
Let T > 0. Then, for all x e (—o0, L), one has

}E[h’(X)})]I{Txﬂ}]
— —E [ A Ar—cyry (X2, 0y Xty 0y (R s XE) vy ()|

For all x € (—0, L], the joint law of (77, X7.) is given by the measure
pr(x,dt, dz) := p*(x,1)0,(dz)dt + p® (x,z)dr(dt)dz
and, for some positive C, ¢ > 1, for all (¢,z) € (0,7] x (—o0,L] :
PR(x, 1) < Cr'g(et,L—x) and pP(x,z) < Cg(cT,z —x),

7 pR(x,z) € C'T¥((—00, L]), t > pX(x,1) € C*/2((0,T]), for all a < 1.
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The backward method results

1

Ui(z%) = 5 (alx) — a(@))iiy (2, %) + b(x)iy (2, %)

1 1 2(L—z)

 (x,2) == Hi(a(z)t,z — x) — T

) s 0 ™ G (o) )
A?x, = Hy(a(z)t,z —x) — ! ML= 2)(L =) .
prlo ) = R G enp (D) — 1)

V1(z,%) := U4(z, %) As(z, X)

Uiax) = {250 pn
’ {19,<z,x)g;§x§; i=1,...n—1
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The backward method results

Probabilistic representation in the Backward method

Let T > 0. Assume that a € C* apdlb € M,. Define
I2(z) = TAN H Veini—c, (X”Z ngl)
i=0

f‘g(x) = eMAT H{CN<t<T}19L t_ CN H Gurn= g, QH:XZ?X)

Then, for all (#,x) € (0, T] x (—o0, L), the following probabilistic
representation holds

Y72

X e =
PR(x.2) = E|g,%, (n XTITR):

PR (x,1) = E[fHRE = Go)TR () |-
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The backward method results

Corollary : Integration by parts formula
Let T > 0. Assume that a € C* and b € M,,.

72

0pR(x,2) = E[ar, (6 XD it _q, (6 XTOTRE)|-
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Some heuristics

Markov maps

P, ) = Eh(u + 7, X5)]
= h(u,x)ﬂ{sz}
+ ]I{x<L} {E[h(u + I,Xf)ﬂ{.,.x>,}] + E[h(u + Tx,L)H{Txgl}]} .

Proxy semigroup with frozen diffusion coefficient : For y € R, consider
X =x+oc(y)W, T=inf{r>0:X'>L}, yeR.

and

Plh(u,x) = E[h(u + 7,
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Some heuristics

Infinitesimal generators

From It6’s rule, one obtains :

Proposition : Infinitesimal generators

Forhe Cy?(Ry x] — o, L]) n M,(R; x R), one has

(Pih — h)(u,x) s Ch(u,x)
t tl0 ’
= Tpeyy (b(x)é’zh(u,x) + %a(x)@%h(u,x) + a,h(u,x)> ,

(Eh_h)(u7x) _)‘C_yh(lhx)
1 t}0

1
= Tey (za(y)ﬁgh(u,x) + 61h(u,x)> .
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Some heuristics

The proxy semigroup

Pih(u,x) = Lpsnph(u, x) + Lp<ny E[R(u + 1, X)) [zv=n ] + Loy E[R(u + 7, L) [7r<4]

t
= H{xBL}h(uvx) + + ]I{x<L} J h(” + S, L)f;(x7 S)dS
0
= Tpsnyh(u, x) + + K7 h(u, x)
u+t L
Tl +loeny [ [ Hs2) + B (d)f (x5 — u)ds]
u —0o0

with (from the reflection principle)

P(X € dz,sup,cpo 1 Xo < L)

g (x,2) = g = (g(a()t,z —x) — g(a(¥)t,z + x — 2L)) Lz o<1y
Y(x,5) = <L) = L—x ex —(Lix)z ;
f-F( ) ) a‘P( < ) \/WSS/Z p ( Za(y)s )H{ASL}'
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Some heuristics

Forward parametrix expansion

From now on, we freeze the coefficient to the starting point : y = x.
o Forward parametrix expansion consists in writing

T

— T — — —
Prh(u,x) — Prh(u,x) = L Os(Pr—sPs)h(u,x)ds = L Pr_s(L — L)Psh(u,x)ds

T
18 J ds (Kr—Pyh(u,x) + Sr_Pch(u,x))
0

with

L
Roh(u,x) — Ko(x, L)h(u+1,L) and S,h(u7x)=f AR R
—0

with
I_(t(x7L) = I[{,\7<L} (a(L)a(;)a(X))f:(X, t)

1 B .
5,12) = Ty {2 | 3at0) — a0 (.2)| - o oy



Some heuristics

Expansion of the semigroup

lterating the one step expansion, we get
Prh(u,x) = Prh(u,x) + J dsy {I_(T_Slh(u,x) + ST_SlPslh(mx)}
0

T
= Prh(u,x) + j dsy {Kr—g, h(u,x) + Sr—g, Ps, h(u,x)}
0
T 51 _ _ _ _
+ j dsy J dso {Kqu Ky, —5, Psyh(u, x) 4+ KT,S.ISH,SEPDh(u,x)}
0 0
T 51 _ _ _ _
+ j dsi J dsy {S7—s, Ky —5, Ps, f(x, 1) + S7—3, S5, —, Psy h(ut, %) }
0 0
— T — — —
= Prh(u,x) + f dsy {Kr—g, h(u,x) + S7_g, Ps, h(u,x)}
0
T S| _ _ _ _
+ j dsy f ds» {ST,SIKA.],A,ZPSZf(x, u) + ST,SISSI,SZPWh(u,x)}
0 0
N

= Prh(u,x) + Z JA (1) dsnsT*SlSslﬂ'z e 'S‘Sn—zﬂ'u—lf(sn—lﬂ'npsnh(”’x)

n=1
N — — — —
+ 3 f 8,875, Sy, sy -+ S,y s Ponh(1t, x) + RYA(u, x)
n=1vAu(T)
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Some heuristics

Defining

n—1g D n—2a =
e { o B () e (35 o ) 1
Py, h(u,x), n =0,

one concludes

Theorem : Semigroup expansion

Let T > 0. For every h e C;*(R + x| — o0, L]) n By(R x R) and for every
(t,u,x) € [0,T] x Ry x R, one has

Pih(u,x) = Z I h(u, x).

n=0

Then, the probabilistic interpretation follows...
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